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Introduction 


> Fewer DFA states is more efficient > Understand algorithms for DFA state 
minimization: 

> Hopcroft’'s Algorithm 

> Brzozowski's Algorithm 


> For any regular languages: there is 
some minimal number of DFA states 
required 
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Canonical DFA 


The minimum state DFA recognizing any regular language L is unique up to an 
isomorphism (“equal form”, i.e., renaming of states). 


> Consider minimal DFA A and B such that L = £ (A) = £ (B). 
> For each state qq in Q4 and gg in Qg, there must exist ø € X* such that, 
qa = 0(490,a,7) and qg = 0(qo,B, 2) 
> Without such ø, we could remove q4 or qg to find a smaller automaton 
> qa will correspond with qg 


> |Qa| = |Qsg| and DFA A and B are isomorphic 
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Two Minimization Algorithms 


John Hopcroft 


Cornell 


Janusz (John) Brzozowski 


Waterloo 
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Outline 


Hopcroft’s Algorithm 
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Hopcroft’s Algorithm 


Fixed Point 


PF: ZHZ 
D rb) ae 
> 0 isa fixpoint: f(0) = 0? =0 
> lis atixpont: (1)=1' = 1 
> 21s NOT a modnie rQ) —2-—4 
re ROR 
> g(o) oF (reverse) 
> aaisa fixpoint: g(aa) = aa 
> abis NOT fixpoint: g(ab) = ba 


The fixed point of function is a value 
where the function’s input and output are 
equal. 


For f : X +> X, the fixpoint is some value 
x € X where f(x) = x. 
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Hopcroft’s Algorithm 


Hopcroft’s Algorithm Outline 


Input: DFA M 
Output: Minimal DFA M’, such that £(M’) = L (M) 
Algorithm: Repeatedly refine partitions until reaching a fixpoint: 


1. Partition states initially into accept F and non-accept Q \ F 
2. Repeatedly refine partitions: 


2.1 If partition p contains states that transition to different successor partitions on 
symbol s, 
2.2 Split p into new sub-partitions where all states in each sub-partition transition 
to the same successor partition on s 
3. Repeat the refinement until reaching the fixpoint (no further refinements 
possible) 
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Hopcroft’s Algorithm 


Hopcroft’s Algorithm Illustration 


Initial Partitioning 


- Initial Partitions) ~~ 


Non-accept 


‘es _ partition 
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Hopcroft’s Algorithm 


Hopcroft’s Algorithm Illustration 


Refinement 


refine (aa) (4) 
III 
Z 
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Hopcroft’s Algorithm 


Hopcroft’s Algorithm Details 


Algorithm 1: Hopcroft's Algorithm 

Input: Q, ©, E, s, F ; // FA states, tokens, edges, start, accept 
Output: Q’, X, E', s', F’; // Minimum DFA states, tokens, edges, start, accept 
Q' + {F,Q\ F}; // Initial Partitioning 

W < F; // Work list 

while W do 


oO oR WNe 


oon 


10 
11 
12 
13 
14 
15 
16 
17 


18 


q' + pop(W) ; 
forall z € È do 


xe {p EQ | El G 4 r) EE, re q}; // z-predecessor states of partition q’ 
if x then 


Q* = 9; 
forall y € Q’ do 
i = y NX; // Subset of partition y transitioning on z to q 
j= y\x; // Subset of partition y transitioning on z to q/ 
if i Aj then 
Q* | Q* U iUJ; // Replace partition y with j and j 
if y E W then We (W\y)UIUs; 
else if |i] < |j| then We WUi; 
else We WUj; 
else Q* + Q* Uy; // Don’t split y 


eH QQ; 
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Hopcroft’s Algorithm Illustration 


Refinement, Redux 
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H 


opcroft’s Algorithm 


Example: Hopcroft’'s Algorithm 


Initial DFA 


start 


Add Reject 


a 
start 
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Initial Partition 


r) 


a,b 


1 


ab{]o 


a,b 
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Hopcroft’s Algorithm 


Exercise 1: Hopcroft’s Algorithm 


Initial DFA 
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Hopcroft’s Algorithm 


Exercise 1: Hopcroft’s Algorithm (continued) 
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Brzozowski's Algorithm 


Outline 


Brzozowski's Algorithm 
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Brzozowski’s Algorithm 


Brzozowski's Algorithm 


Algorithm 2: Brzozowski's Algorithm 
Input: A; // FA 
Output: A’. // Minimum state DFA 
1 A’ + nfa-to-dfa(reverse(nfa-to-dfa(reverse(A)))); 


(caveat: may need to eliminate a redundant start state) 
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Brzozowski's Algorithm 


Example: Brzozowski’s Algorithm 


NFA to DFA 
E a,b a 
Initial DFA €D a) a 
start 
start 
Reverse 
ORD D | 
NFA to DFA 
a,b a 
start 
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Brzozowski’s Algorithm 


Example: Hopcroft vs. Brzozowski Minimal DFA 


Brzozowski 


a,b a 
start 


Z 
© 


Minimal, Canonical DFA are Isomorphic 
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Brzozowski's Algorithm 


Exercise 2: Brzozowski's Algorithm 


Initial DFA 
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Brzozowski's Algorithm 


Exercise 2: Brzozowski's Algorithm (continued) 
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Brzozowski’s Algorithm 


Hopcroft’s Algorithm vs. Brzozowski's Algorithm 


Which is better? 


Input 
Worst-case runtime 
Average-case runtime 


Hopcroft 
DFA 
O(k n Inn) 
O(k n Inn) 


Brzozowski 
DFA or NFA 
exponential (P (Q)) 
“pretty good” 


where n = |Q| (number of states) and k = |X| (size of alphabet) 
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References 
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> Ch 4.4 Equivalence and Minimization of Automata 
Alt. Textbook: Aho, 3rd ed. 

> Ch 3.9 Optimization of DFA-based pattern matchers 
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